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Using the extended Painlevé analysis, we obtained some higher dimensional integrable models
with the Painlev́e property from the (1+1)-dimensional Schwarz KdV equation.

The lower-dimensional soliton phenomena have
widely been studied both by theory [1] and experi-
ment [2, 3]. However, there are many difficulties in
the study of the higher dimensional soliton theory. Re-
cently, one of the present authors pointed out that, if
one wants to find some higher dimensional integrable
models, equations with conformal invariance (invari-
ance under the M̈obius transformation) [4] may be the
most suitable candidates [5]. Some types of general
higher dimensional Schwarz equations are proved to
be integrable in the sence that they can be changed to
some forms with the Painlevé property (PP) [6]. Now,
one of the important problems is what kind of Schwarz
equations can be obtained from the known physical
equations. In [7] it is also shown that higher dimen-
sional integrable models may also be obtained from
lower dimensional ones. In [8], one of the present
authors has extended Conte’s invariant Painlevé anal-
ysis [9] to anoninvariant (under the M̈obious trans-
formation) but more generalized form in thesame
dimensions to get some exact solutions of various
nonlinear equations by means of a nonstandard trun-
cation approach. In this paper we extend Conte’s
Painlev́e analysis to a different but stillinvariant form
in higher dimensions such that we can find many
higher dimensional integrable models from a known
lower dimensional integrable model, say, the Schwarz
KdV (SKdV) equation
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which is a variant form of the usual KdV equation.
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In order to show the PP of (1), we take the trans-
formations

� = exp�; �x = u; �t = g (2)

at first. The final equations foru andg read

uuxx �
1
2
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u2
x + gu + �u2 = 0; ut � gx = 0:(3)

Equation (3) comes from the consistence condition of
the transformation (2). The PP of (3) is obvious be-
cause of the KdV equation possesses the PP. However,
in order to get more information from the Painlevé
analysis, we assume thatu andg are not only the func-
tions of the explicit space-time variablesfx; tg but
also the functions of the inner space variablesfy; zg.
It is known that, if a partial differential equation (PDE)
possesses the PP, then the singular manifold� in the
usual Painlev́e expansion is arbitrary. Because of the
arbitrariness of the singular manifold, one can take
some different types of forms, say, Conte changes the
expansion function (singular manifold�) as
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such that all the coefficients in the new Painlevé ex-
pansion possess the Möbius transformation invariance
[10]. In order to include the inner parameters in our
further results, we can take
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as a new expansion function. Differentiating (4) with
respect tox and t, respectively, we can obtain two
identities:
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are all conformal invariant, invariant under the
Möbius transformation:

� �!
a� + b

c� + d
:

With help of the leading order analysis of (3), we
know that the functionsfu; gg should be expanded
as

u =
1X
j=0

uj�
j�1; g =
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with

g2
0 = p2

0; u0 = g0p1=p0: (9)

Substituting (8) into (3) and using (5) and (6), we have

(j+1)(j�1)u0uj = f (ui; gi; i � j�1; p0; p1; s);(10)

(j � 1)(gju0 � ujg0) = uj�1;t � gj�1;x; (11)

wheref is a complicated function offui; gi; i �
j � 1; p0; p1; sg and its derivatives. From (10) and
(11), it is not difficult to see that the resonances are
located at

j = �1; 1; 1: (12)

The resonance atj = �1 corresponds to the arbitrari-
ness of the singularity manifold� (and then�). At
two resonances,j = 1, there are two compatibility
conditions

�u2
0p1x + u0u0xp1 � 2u3

0u1 + 2u1u0p
2
1 = 0; (13)

p1t � p0p1y � p0x + p1p0y = 0 (14)

which must be satisfied. After substituting (9) and
(7) into (13) and (14) one can see that (13) and (14)
are satisfied identically. In the standard approach, in
order to obtain the B̈acklund transformation of (3),
one takes

uj(ui; gi; i � j � 1; p0; p1; s) = 0;

gj(ui; gi; i � j � 1; p0; p1; s) = 0; j � 2:
(15)

Because (15) is conformal invariant for allj � 2 and
the original Schwarz KdV equation (1) is integrable,
we believe that every one of (15) is integrable. Even
if this idea is not true for allj, it is still possible to
get some higher dimensional integrable models from
(15) by checking their PP for smallj. Here we check
the PP only foru2 = 0 which has the concrete form
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whereF (� u1) is an arbitrary function. From (16),
we see that the (2+1)-dimensional model will be re-
duced back to the original (1+1)-dimensional SKdV
equation (1) when we drop they-dependent terms or
takey � x. Using the transformations

� = exp�; �x = u; �y = v; �t = g; (17)

(16) becomes
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2v4 + �u2v4 � 3F 2u2v4 + guv4 (18)

+ 3u3vuyvy + 3u3Fv2vy � 3Fuv4ux = 0;

ut = gx; (19)

vt = gy: (20)

It is easy to prove the PP of (18) - (20) by taking the
traditional WTC (Weiss-Tabor-Carnevale) approach
[10]. However, in order to get (3+1)-dimensional
models with conformal invariance and the PP, we in-
troduce
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as a new expansion function. Differentiating (21) with
respect tox; y andt, respectively, we can obtain the
three identities
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By means of the leading order analysis of (18) - (20),
we know that the functionsfu; v; gg should be ex-
panded as
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1X
j=0

uj�
j�1; v =

1X
j=0

vj�
j�1; g =

1X
j=0

gj�
j�1 (26)

with

g2
0 = P 2

0 ; u0 = P1
g0

P0
; v0 = P2

g0

P0
: (27)

Substituting (26) into (18) - (20) and using (22) - (24),
we have

(j + 1)(j � 1)(u0uj + v0vj ) (28)

= f (ui; gi; i � j � 1; P0; P1; P2; S);

(j � 1)(gju0 � ujg0) = uj�1;t � gj�1;x; (29)

(j � 1)(gjv0 � vjg0) = vj�1;t � gj�1;y: (30)

From (28) - (30) it is not difficult to see that the
resonances are located at

j = �1; 1; 1; 1: (31)

The three compatibility conditions at the resonances,
j = 1; now read
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u0P0z � g0x + u0t � g0P1z = 0; (33)

v0P0z � g0y + v0t � g0P2z = 0; (34)

and these equations are satisfied identically because
of (25) and (27). So the (2+1)-dimensional system
(18) - (20) (and then its Schwarz form (16)) is inte-
grable under the meaning that it possesses the PP. In
the same way, if we take

uj = uj(P0; P1; P2; S; u1; v1; g1) = 0;

vj = vj(P0; P1; P2; S; u1; v1; g1) = 0; (35)

gj = gj(P0; P1; P2; S; u1; v1; g1) = 0; (j � 2)

we can get the B̈acklund transformation for the system
(18) - (20). Furthermore, it is interesting that every one
of the equations (35) for a fixedj may be integrable
because all these equations are conformal invariant
and are derived from the integrable equation (16).
The simplest one of them is given byu2 = 0, i. e.,
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where the arbitrary functionG is related to other ar-
bitrary functionsF; u1; v1 andg1 by
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If we dropy andz related terms or if fixedy andz are proportional tox, we reobtain the (1+1)-dimensional
SKdV equation (1) from the (3+1)-dimensional equation (36).

We have proved the PP of (36) by using the Painlevé analysis and that some (4+1)-dimensional integrable
models with the PP can be obtained when we introduce a further inner parameter into the procedure of proving
the PP of the (3+1)-dimensional model (36). One of the simplest models obtained in this way reads
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Equation (38) is a (4+1)-dimensional generalization
of the SKdV (1). If we use some reductions on (38),
say,x4 = z; x4 = y; :::; we can get some further
(3+1)-dimensional SKdV equations.

Using the above procedure step by step, we can get
various integrable models with the PP in any dimen-
sions.

In summary, after introducing some inner pa-
rameters explicitly in the expansion variables, we

[1] M. J. Ablowitz and P. A. Clarkson, Solitons Nonlinear
Evolution Equations and Inverse Scattering, London
Mathematical Society Lecture Note Series 149 (Cam-
bridge University Press 1991).

[2] Y. S. Kivshar and B. A. Malomed, Rev. Mod. Phys.
61, 763 (1989) and references therein.

[3] S.-y. Lou and Guoxiang Huang, Mod. Phys. Lett.B9,
(1995) 1231 (1995); S.-y. Lou J. Yu, J. Lin, Guoxiang
Huang, and J.-k. Zhang, Mod. Phys. Lett.B10, 11
(1996).

[4] S.-y. Lou, J. Phys. A: Math. Gen.30, 4803 (1997).
[5] S.-y. Lou, Science in China (series A),34, 1317

(1997).
[6] S.-y. Lou, J. Math. Phys.31, 2112 (1998); S.-y. Lou,

Commun. Theor. Phys.28, 129 (1997).
[7] S.-y. Lou, J. Phys. A: Math. Gen.30, 4803 (1997).
[8] S.-y. Lou, Z. Naturforsch.53a, 251 (1998).
[9] R. Conte, Phys. Lett.A140, 383 (1989).

[10] J. Weiss, M. Tabor, and G. Carnevale, J. Math. Phys.
24, 522 (1983).

can get many higher dimensional integrable models
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dimensions are listed here for further investigations.
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