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Obtained from (1+1)-Dimensional Schwarz KdV Equation
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Using the extended Painkanalysis, we obtained some higher dimensional integrable models
with the Painle@ property from the (1+1)-dimensional Schwarz KdV equation.

The lower-dimensional soliton phenomena have In order to show the PP of (1), we take the trans-
widely been studied both by theory [1] and experiformations
ment [2, 3]. However, there are many difficulties in
the study of the higher dimensional soliton theory. Re- ¢ = €XPp, pz =, pr = g @)
cently, one of the present authors pointed out that, 3 first. The final equations farandg read
one wants to find some higher dimensional integrable
models, equations with conformal invariance (invari; 1a_ §u§ +gu+M2=0, u; — g, = 0.(3)

Ulgpyr — =U
ance under the Bbius transformation) [4] may be the 2

most suitable candidates [5]. Some types of genemghuation (3) comes from the consistence condition of
higher dimensional Schwarz equations are proved e transformation (2). The PP of (3) is obvious be-
be integrable in the sence that they can be changeddguse of the KdV equation possesses the PP. However,
some forms with the Painléproperty (PP) [6]. Now, in order to get more information from the Paingev
one of the important problems is what kind of SChwaranalysis, we assume thasindg are not only the func-
equations can be obtained from the known physicéibns of the explicit space-time variablés, ¢} but
equations. In [7] it is also shown that higher dimenalso the functions of the inner space variallgs:}.
sional integrable models may also be obtained fromis known that, if a partial differential equation (PDE)
lower dimensional ones. In [8], one of the preserjossesses the PP, then the singular manifdtdthe
authors has extended Conte’s invariant Paikaval- ysual Painleg expansion is arbitrary. Because of the
ysis [9] to anoninvariant (under the Mbious trans- arbitrariness of the singular manifold, one can take
formation) but more generalized form in tisame some different types of forms, say, Conte changes the
dimensions to get some exact solutions of variousxpansion function (singular manifolf) as

nonlinear equations by means of a nonstandard trun-

cation approach. In this paper we extend Conte’s R

Painle\& analysis to a different but stitvariant form “\¢o 20,

in higher dimensions such that we can find many - . o
higher dimensional integrable models from a knowﬁUCh that all the coetlicients in the new Paislex-

lower dimensional integrable model, say, the Schwa nsion possess_thedﬂiustra_nsformation invarignce
KdV (SKdV) equation T 0]. In order to include the inner parameters in our

further results, we can take

. ¢t _ . _ QSzzz 3 2 2
{01 24 =0, ({010} = === 502,07 (@) = (%) : @
which is a variant form of the usual KdV equation. o 20
as a new expansion function. Differentiating (4) with
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1 \Wqy i7.<'_17 ) ) :07
§o =p1— P&+ E(pls + p1yy )€, 5) s (s, 9ir1 < J Po, 11 ) (15)
gj(uhghi S j - 172707]717 S) = 07 ] Z 2.
1 . : . .
& = po — poy€ + =(Pos + poyy )2, (6) Because (15) is conformal invariant for:all_z 2and
' to2 v the original Schwarz KdV equation (1) is integrable,
where we believe that every one of (15) is integrable. Even

36?2 if this idea is not true for allj, it is still possible to
23 —p=—,s={¢; y} = Puyy _ _% (7) getsome higher dimensional integrable models from
o v by 2905 (15) by checking their PP for smail Here we check
are all conformal invariant, invariant under thdhe PP only for; =0 which has the concrete form
Mabius transformation:

Po =

¢t ¢x¢xy¢yy ¢2 yy ¢z¢zyy
+b +{¢; x}+A+3 -3
6 — ‘C‘;f+ . o 63 TTagh 7242
With help of the leading order analysis of (3), we 5 Gebyy  Daow
know that the functiongu, ¢} should be expanded  *+3F: —3F“ +3F 2 o )T 0, (16)
as Y *

o0 _ o0 _ where F'(= u3) is an arbitrary function. From (16),
w=>Y ut g=> gt (8) we see that the (2+1)-dimensional model will be re-
= j= duced back to the original (1+1)-dimensional SKdV
. equation (1) when we drop thedependent terms or
with ! .
takey ~ z. Using the transformations

2 - 2 -
96 =Py o = gop1/po. 9) _ _ _ _
070 / p=expp, p.=u, py,=v, pp=g, (17

Substituting (8) into (3) and using (5) and (6), we havaﬁ) becomes

(j+l)(]—1)ﬂ0u] = f(uu i, { S ]_17 Ppo, P1, 3)7(10) 1

3 3 3
Zu4v4 - Zu4v5 - Ev4u2 +uvtu g, — Eu?’vzuyy

(J — 1)(gjuo — ujgo) = uj 1t — gj-12, (11)
where f is a complicated function ofu;, g;, i < + 3F,u?v* + \u?v® — 3F%u?0* + guv®  (18)
j —1, po, p1, s} and its derivatives. From (10) and
(112), it is not difficult to see that the resonances are + 3ubvuy v, + 3udFovv, — 3Fuvtu, =0,
located at

j=-1,11 (12) Ut = o, (19)
The resonance gt= —1 corresponds to the arbitrari- v = gy (20)

ness of the singularity manifolgl (and theng). At
two resonances; = 1, there are two compatibility It is easy to prove the PP of (18) - (20) by taking the
conditions traditional WTC (Weiss-Tabor-Carnevale) approach
) 3 - [10]. However, in order to get (3+1)-dimensional
—UgP1e + UoUorp1 — 2ugua + 2uauept = 0, (13)  models with conformal invariance and the PP, we in-
troduce
P1t — PoPly — POz +plp0y =0 (14)

1
which must be satisfied. After substituting (9) and 7= <% - ZZ> (21)
(7) into (13) and (14) one can see that (13) and (14) -

are satisfied identically. In the standard approach, &s a new expansion function. Differentiating (21) with
order to obtain the Bcklund transformation of (3), respect tar, y andt, respectively, we can obtain the
one takes three identities
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1
Ne = Pu— Py + 5(PLS+ Pyy)n’,  (22)
1 2
ny:PZ_PZyn-'-E(PZS"'PZyy)nv (23)
1 2
n = Po— Poyn + E(POS + Poyy )1, (24)
where
Pozﬂ, Plzﬁ PzE@, S={¢; z}. (25)
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3
3, 2p2 4,2 43 2,4
—3uguivg Py + EU’O’UOPZy + ugugvr + 3Fugug P1

+ 2vdv1u3 P2 — Suguovi PZ — 3FudviP; (32)

3
- —uévoyvoPZ + ugulvé =0,

2
uoPo: — gor +uor — goP1: =0, (33)
voPo. — goy + vor — goP2. =0, (34)

and these equations are satisfied identically because

By means of the leading order analysis of (18) - (20Rf (25) and (27). So the (2+1)-dimensional system
we know that the functiongu, v, g} should be ex- (18) - (20) (and then its Schwarz form (16)) is inte-

panded as
u=dw =Yg =Y g7 (26)
7=0 7=0 37=0

with

9% = F§, UO=P19—27 v =P, (27)

90
P o

P

Substituting (26) into (18) - (20) and using (22) - (24)

we have
U +1)0 — Duou; +vov;) (28)
= fui, 95, < j—1,Po, P1, P2, 5),
(U — D(gjuo — ujg0) = uj—1t — gj-1,0, (29)
(U — D(gjvo — vj90) =vj-1t — gj-14- (30)

From (28) - (30) it is not difficult to see that the™ 8 ¢

resonances are located at

j=-1,1,1 1 (31)

The three compatibility conditions at the resonances,

j =1 now read

grable under the meaning that it possesses the PP. In
the same way, if we take

Uy =uj(P07P17 P2757u17vl7gl) = 07

Uy :Uj(P07 P17P27 S? ulvvlvgl) =O7 (35)

g; =gj(P07P17P27S7u17v17gl) = 07 (.7 Z 2)

we can get the Bcklund transformation for the system
(18) - (20). Furthermore, itis interesting that every one
of the equations (35) for a fixedmay be integrable
because all these equations are conformal invariant
and are derived from the integrable equation (16).
The simplest one of them is given by = 0, i. e.,

242
% +{g; 2} + A+ S Qubesbuz g@;gy

2 &2

30262, o
Yo, T2 ¢
9 ¢w ¢xzz ¢% ¢yz¢zz
i e, ¢

where the arbitrary functiot¥ is related to other ar-
bitrary functionsF’, u1, v; andg; by

30.0uyy , 40u0uy00y
el

(36)

G =0,

¢x 2 3¢2 2 3¢x ¢x 3 ¢2 3 ¢2
=( — Rl F _ —_ Tt % = —__'z _— 'z
G ( 6uq + 6¢y ’Ul> + 3u1, 311,1 + > QS?ZJ V1 > ¢t Uy + 3¢y uvy + > ¢t¢y V1t > ¢t¢y 91y
_ & _ § 242 _ @ _ QS?EQSZZ g’& Q¢I¢zy §¢z¢zz
3% U1y 2¢z¢yvly 3 - up —3 q%% v+ 20 g1z + 9 (755 v+ > q§§ u1 (37)
3020y, _ap2 o PPy Pre\
* 5t 3R —3F +3( . %)F_o.
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If we dropy andz related terms or if fixeg andz are proportional ta:, we reobtain the (1+1)-dimensional
SKdV equation (1) from the (3+1)-dimensional equation (36).

We have proved the PP of (36) by using the Paialamalysis and that some (4+1)-dimensional integrable
models with the PP can be obtained when we introduce a further inner parameter into the procedure of proving
the PP of the (3+1)-dimensional model (36). One of the simplest models obtained in this way reads

%+{¢$%ﬂ_§¢§;+g¢mn%z 9ubus: , 0:0syyy , 30207, 92uiibyns

4 ¢y 2 43 4 ¢2 o3 8 ¢ 2 ¢l
+ g QS% ¢yz4z4 _ 6¢§7 ¢yz¢zz _ i (b% §4I4 + 3¢I ¢Iz4¢$4z4 + g QS% ¢z4z4¢zz4 _ 9 ¢§¢Zm4m4 (38)
4 92,0y P2y 16 ¢7, % 4 6%,0- 8 ¢2,0:

4 2920y 30ubuuges _ 30ubuyy _
Y629, 2 ¢2, 2 ¢2

Equation (38) is a (4+1)-dimensional generalizationan get many higher dimensional integrable models
of the SKdV (1). If we use some reductions on (38)rom lower dimensional ones. Some concrete SKdV
say,x4 = 2z, ¥4 = ¥y, ..., We can get some further equations with the PP in (2+1)-, (3+1)- and (4+1)-
(3+1)-dimensional SKdV equations. dimensions are listed here for further investigations.
Using the above procedure step by step, we can getThe work was supported by the National Nature
various integrable models with the PP in any dimerScience Foundation of China and the Nature Science
sions. foundation of Zhejiang province in China. One of the
In summary, after introducing some inner paauthors (Lou) thanks Professors Q.-p. Liu, X.-b. Hu,
rameters explicitly in the expansion variables, wd.-j. Xu and G.-j. Ni for their helpful discussions.
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